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A B S T R A C T   

We present a two-degree-of-freedom bistable piezoelectric energy harvester (PEH) combining both magnetic 
coupling and amplitude truncation mechanisms to improve the electrical response when installed within 
compact spaces. The PEH processes a time-varying potential well and each beam has two electrical responses due 
to the interaction between two magnets. The collision-induced amplitude truncation behavior leads to high- 
frequency vibration responses, which reduces the matching impedance of the PEH. The Hamilton’s principle 
and the Galerkin method was applied to establish the distributed parameter model for the system. By numerical 
calculations, the influence of the magnet distance and beam stiffness ratio on the static potential well, as well as 
the influence of excitation acceleration and stop gap on the voltage and power response were explored. A series 
of experiments were conducted to validate the voltage and power responses under sweep and fixed frequency 
excitations. The experimental and simulation results agree with each other. Due to the effect of magnetic 
coupling, the response frequency bandwidth of the cantilever beam widens by more than 7 Hz. The frequency-up 
effect generated by collision increases the response power of the system with the maximum of 307.8 mW at 103.6 

Ω in experiments, and the combination of the two widens the impedance matching range of the system. This 
broadband structure with a wide impedance matching range and limited motion is more suitable for practical 
applications.   

1. Introduction 

Energy harvesting technology offers a promising solution to address 
the global energy crisis. Energy harvesters can supply power to remote 
wireless sensors for monitoring and analyzing environmental conditions 
by harnessing energy from the ambient [1–5]. To effectively obtain 
mechanical energy from the environment, various energy harvesting 
technologies have emerged in recent years, such as piezoelectric energy 
harvesters [6–9], frictional energy harvesters [10–12], electromagnetic 
energy harvesters [13–16], etc. Among diverse energy harvesting 
methods, piezoelectric energy harvesters (PEHs) have gained substantial 
attention due to their consistent output performance, lack of electro
magnetic interference, relatively simple design, and high adaptability to 
various scenes [17–19]. However, a notable limitation of a linear PEH is 

its narrow operational frequency bandwidth centered around the reso
nant frequency and narrow workspaces [20–22]. This poses a challenge 
when attempting to match the broader spectrum of random vibrations 
present in the ambient environment [23–25]. Therefore, many re
searchers have proposed innovative approaches to broaden the effective 
bandwidths and enhance power outputs. These strategies include the 
implementation of multi-stability technology [26,27], the utilization of 
amplitude truncation techniques [28,29], and the incorporation of the 
force/displacement amplifier [30–32] or multi-degree-of-freedom 
structures [33–35] etc. 

Owing to the wider bandwidths compared to their conventional 
counterparts, multi-stable PEHs have garnered substantial attention 
from researchers in recent years. The large amplitude inter-well vibra
tions have been proven beneficial for improving energy harvesting 
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performance [36,37]. Atmeh et al. utilized the magnetic coupling effect 
in piezoelectric harvesters to enhance the power at low frequency by 
converting the low-frequency vibration to high-frequency vibrations 
[38,39]. Liu et al. [40] introduced the displacement amplification 
mechanism into the bistable energy harvester and optimized the pro
totype with several times higher output performance compared to the 
unoptimized prototype. Jiang et al. [41] applied a beam-spring and 
magnets to construct a two-degree-of-freedom (2DOF) bistable energy 
harvester, whose working bandwidth is improved by more than 60 %. Li 
et al. [42] investigated the practical asymmetry effect on BEH perfor
mance, whose power is improve by 57.56 % in simulation. Zhang et al. 
[43] proposed a bistable electromagnetic vibration energy harvester 
based on the internal resonance, whose the bandwidth and the peak 
power output are increased by 84.3 % and 30.0 % compared with the 
mistuned model, respectively. Norenberg et al. [44] comprehensively 
studied the influence of the asymmetric characteristics on the perfor
mance of the bistable energy harvester. Liu et al. [45]cleverly added a 
swinging mass-bar at the free end of a piezoelectric cantilever beam 
elastically to form a bistable structure. However, a limitation was 
identified: the deep barrier between potential wells might hinder the 
snap-through motion under small excitations. To address this challenge, 
other studies further explored PEHs in tri-stable [46–48], quad-stable 
[49,50], and penta-stable [51,52] configurations to decrease potential 
barriers. Costa et al. [53] proposed a compactness and space-efficient 
energy harvester with unprecedented multistable characteristics. How
ever, it is also important to note that incorporating additional magnets 
escalates structural complexity and intricacies. 

Another technique to utilize spatial limitations and enlarge the 
operational bandwidth is the amplitude truncation technique (ATT) 
[54–57]. Zhou et al. [58] compared the dynamic characteristics and 
output performance of various PEHs, considering different collision 
stiffness, locations and initial gap sizes. Machado et al. [59] proposed an 
innovative rotational PEH with a spring stop mechanism. It could 
generate a rectified power ranging from 102 μW to 845 μW across 
rotational speeds from 50 to 150 rpm. Xiao et al. [60] utilized friction 
and impact to achieve self-exciting vibration, which explored the po
tential of frictional signals in monitoring applications. Tan et al. [61] 
combined the sliding mode and impact mode of the triboelectric nano
generators (TENGs) working principle to enhance the efficiency of 
harvesting energy from low-frequency vibration. Fang et al. [62] uti
lized the centrifugal softening and impact to improve the power density 
in ultra-low-frequency rotational energy harvesting. Bahmanziari et al. 
[63] combined magnetic plucking, mechanical impact, and mechanical 
vibration force to obtain average power of 13.6 mW from piezoelectric 
smart tiles. Xu et al. [64] applied the stoppers to achieve a maximum 
ratio of triple and essential frequency components reaching up to 8.86. 
Sokolov et al. [65] applied the impact from stoppers to produce the 
frequency up-conversion effect in a microscopic electrostatic harvester. 
Alvis et al. [66] investigated that a soft stopper and a stop gap of 5 mm 
performs the most effectively in energy harvesting from vortex- induced 
vibrations. He et al. [67] exposed that the peak voltage of the 2DOF PEH 
with an elastic stopper is 12.82 times and 3.47 times the output voltage 
of the NPEH without the stopper at the first and second resonance. 
Hassan et al. [68] utilized multi-modality and piecewise linearity to 
construct a 2DOF vibro-impact TENG, which increases output voltage by 
more than 300 %, and the bandwidth by 250 %. The ATT technique 
serves a dual purpose: widening the bandwidth and reducing the 
required working space for PEHs. This feature renders certain PEHs 
suitable for working in limited spaces, such as vehicle suspensions, 
wheel hubs and engine compartments, where inevitable collisions occur 
between the PEH and mechanical structures. In this way, the ATT 
technique improves both the performance and practical applicability of 
energy harvesters. 

In addition to the aforementioned technologies, designing multi- 
degree-of-freedom (MDOF) PEHs for multi-modal energy harvesting 
has also garnered significant attention. Shao et al. [69] introduced a 

two-degree-of-freedom (2DOF) PEH design that could effectively oper
ate within a bandwidth of 11.0 Hz. Zhang et al. [70] employed three 
piecewise-linear PEHs to expand the operating frequency bandwidth by 
90.0 % under an acceleration of 10 m/s2. Through meticulous 
comparative studies, Li et al. [71] demonstrated that a 2DOF bistable 
energy harvester produced a substantially larger power output than a 
linear counterpart. Wang et al. [72] proposed a 2DOF bistable PEH with 
an additional parasitic oscillator attached to the primary structure. This 
setup yielded two resonant peaks with robust nonlinear Dynamic. Kim 
et al. [73]. proposed a MDOF vibration system as the TENG structure 
with several resonant frequencies. Zhang et al. [74] mounted 2DOF 
nonlinear bistable absorbers periodically to achieve broadband 
multi-frequency vibration. Hao et al. [75]. designed a 
three-degree-of-freedom TNG with the power of 27.01 mW under the 
movement speed of 8 km/h per person. MA et al. [76]. produced a 
dual-beam piezo-magneto-elastic energy harvester reaching 4.9 × 10− 4 

W at the wind speed of 10.2 m/s. He et al. [77] introduced an auxetic 
structure to a MDOF PEH, which improves the output power in the first 
mode up to 2548 % compared to a conventional PEH. Ding et al. [78] 
introduced fractal topology into a PEH, whose the efficient energy 
harvesting bandwidth under iterative levels 1 and 2 is 2.05 and 2.15 
times larger than the conventional PEHs, respectively. Fan et al. [79] 
designed a PEH with a middle beam and two side beams, which pos
sesses multiple resonance regions and an wider effective frequency 
bandwidth. Liu et al. [80] proposed a 2DOF marine energy harvester to 
capture energy of currents and winds from ocean with a maximum 
power of 44.18 W. MDOF PEHs have demonstrated their ability to 
greatly improve energy harvesting performance in various operational 
conditions and scenarios [81–83]. 

Some researchers have combined magnetic coupling technology with 
MDOF technology, which enhanced the output performance of PEHs. 
Atmeh et al. utilized magnetic coupling to couple cantilever beams with 
different lengths to achieve up conversion, achieving the conversion of 
low-frequency vibration to high-frequency [38]. Cong et al. [84] utilized 
a magnetically coupled cantilever beam array, Shao et al. [85] placed 
the two beams orthogonally through magnetic coupling, Noh et al. 
studied out-of-phase and in-phase mode regimes magnetic coupling 
cantilever beams [86], and Li et al. proposed a U-shaped magnetic 2DOF 
PEH [87] to obtain a broadband high-power output. Although these 
contributions have improved the efficiency of energy harvesters through 
magnetic coupling, they have not taken into account the impact of space 
constraints on the output performance of energy harvesters. Based on 
these previous studies, we proposed a two-degree-of-freedom bistable 
piezoelectric energy harvester coupling two beams through the mag
netic interaction restricted within a compact space with limited 
vibration. 

The primary contributions of this study are as follows. Firstly, the 
distributed parameter model was established based on the extended 
Hamilton’s principle and the Galerkin method. Secondly, the effects of 
key parameters on potential wells, voltage, and power performance 
were discussed. Third, a series of experiments were conducted to verify 
the numerical calculation results. The introduction of this novel 
harvester concept, exploration of critical parameters, comprehensive 
power analysis, and experimental validation collectively advance the 
understanding and practical applications of such energy harvesting 
systems. This paper is organized as follows: The configuration is 
designed and the mathematical model is established in Section 2. The 
key parameters affecting the elastic potential energy and frequency- 
voltage response are discussed in Section 3. Section 4 exhibits the in
fluence of magnet distance, stop gap, excitation frequency, and external 
resistance on the power and voltage output. In Section 5, a prototype is 
fabricated and a series of experiments are conducted to validate the 
numerical results. Section 6 draws conclusions. 
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2. System design and modeling 

In ambient environments and mechanical systems, energy harvesting 
devices often face the challenges of an insufficient operational space and 
narrowband issues [21,53]. This limitation restricts their range of mo
tion, leading to deteriorated energy harvesting performance. To address 
this practical concern, we introduce the design of an impact-based 
magnetically-coupled two-degree-of-freedom piezoelectric energy 
harvester (IMTPEH). Unlike conventional bistable PEHs, which do not 
consider motion limitations and variable potential wells, this novel 
design is well-suited for scenarios with restricted space, such as engine 
compartments. As illustrated in Fig. 1(a), the proposed IMTPEH 
configuration incorporates two inverted cantilever beams rigidly affixed 
to a base. The free ends of these cantilevers are equipped with magnets 
facing each other with identical poles. Two piezoelectric patches are 
bonded onto the upper surfaces of the metallic cantilevers. The oscilla
tion amplitudes of the magnets are constrained by two stop blocks 
affixed to the base. The number and positions of the stoppers may vary 
and affect the amplitude restriction on the magnets. These aspects will 
be explored and discussed in the following of this paper. 

The geometric arrangement of the IMTPEH is depicted in Fig. 1(b). 
The inertial coordinate system is denoted as ex and ey. ẅb, as the external 
excitation, is assumed to be in the sinusoidal form Asin(2πft), charac
terized by an acceleration amplitude A and an excitation frequency f. 

Although the size and mechanical properties of piezoelectric patches 
are relatively small compared to the base beam, they slightly increase 
the natural frequency of the system. Therefore, as of modeling, the beam 
is divided into two parts: a composite beam with attached piezoelectric 
patch and a base beam without attached piezoelectric patch. The elec
tromechanical coupling dynamic model of the IMTPEH can be formu
lated using the energy method grounded in Hamilton’s principle [58, 
59]. The kinetic energy of the IMTPEH can be expressed as follows: 

Tk =
∑2

i=1

1
2

{

ρCiACi

∫ LPi

0
[ẇi(x,t)+ẇb(t)]2dx+ρBiABi

∫ LBi

LPi

[ẇi(x,t)+ẇb(t)]2dx+

+mMi[ẇi(LBi,t)+ẇb(t)+biẇ′
i(LBi,t)]2+Iiẇ′2

i (LBi,t)
}
,

(1)  

where ρCi and LCi are the material density and the length of the ith 
composite beam, respectively, where i = 1, 2. Here, 1 and 2 correspond 
to A and B, respectively, which will not change unless stated separately. 
ρBi and LBi are the material density and the length of ith base beam, 
respectively. mMi and Ii are the mass and the inertia of the ith magnet, 
respectively. wi (x,t) is the deflection of the ith beam; bi is the distance 
from the centroid of the ith magnet to the fixed point on the cantilever 
beam. ACi = bCi ⋅ hCi and ABi = bBi ⋅ hBi are the cross-sectional area of the 
ith composite beam and base beam, respectively, where bCi, bBi, hCi, hBi 
are the corresponding widths and thicknesses, respectively. 

The elastic potential energy stored in the two inverted beams and the 
piezoelectric patches mounted on them can be expressed as follows: 

UC =
∑2

i=1

1
2

(

ECiICi

∫ LPi

0
w″2

i (x, t)dx+EBiIBi

∫ LBi

LPi

w″2
i (x, t)dx

− e31HPi
VPi(t)

hPi

∫ LPi

0
w″

i(x, t)dx
)

,

(2)  

where e31, HPi and VPi(t) are the effective piezoelectric stress constant, 
and output voltage of the ith piezoelectric patch, respectively. ECiICi and 
EBiIBi are the bending stiffness of the ith composite beam and base beam, 
respectively, whose specific forms are given in ’Appendix A’. 

The electric energy of the system is the work done by the electric 
field intensity in the piezoelectric layer on the potential shift [38,39] 
given by: 

WE =
1
2
∑2

i=1

[

εPi
33

LPi bPi

hPi

V2
Pi(t) +

e31

hPi

VPi(t)HPi

∫ LPi

0
w″

i(x, t)dx
]

, (3)  

where εPi
33 is the piezoelectric material permittivity constant of the ith 

piezoelectric patch, respectively. The point dipoles model is used to 
describe the magnets in the energy harvester following Ref. [25]. 

The distance rAB from the source of Magnet A to Magnet B is given by: 

rAB = − [s + a1 + a2 + a1(1 − cosϑ1) + a2(1 − cosϑ2)]ex +
[
w1|x=LB1

+ b1sinϑ1 − w2|x=LB2
− b2sinϑ2

]
ey, (4)  

while the reverse distance rBA is given by: 

rBA = [s + a1 + a2 + a1(1 − cosϑ1) + a2(1 − cosϑ2)]ex −
[
w1|x=LB

+ b1sinϑ1

− w2|x=LB2
− b2sinϑ2

]
ey,

(5)  

where s and ai are the distance between the opposite faces of two 
magnets, and the distances from the centroid to the front face of the ith 
magnet, respectively. wi|x=LBi 

is the tip lateral displacement with a small 
rotation angle ϑi = w′i(LBi,t) of the ith base beam. 

The two magnetic dipole moment vectors are given by: 

μA = MM1VM1cosϑ1ex + MM1VM1sinϑ1ey, (6)  

μB = − MM2VM2cosϑ2ex − MM2VM2sinϑ2ey, (7)  

where MM1 and VMi are the magnetization intensity and the volume of 
the ith magnet, respectively. 

The magnetic fields produced by Magnet A and Magnet B interacting 
with each other are given by: 

Fig. 1. Proposed piezoelectric energy harvester: (a) Schematics diagram. It consists of two beams coupled by two magnets fixed at the end of the free ends and four 
stoppers to the limit motion (b) geometric configuration. wi represents the lateral displacement of Beam i, where i=1, 2 represents A and B, respectively. 
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BAB = −
μ0

4π ∇
μArAB

‖ rAB ‖
3
2

, (8)  

BBA = −
μ0

4π ∇
μBrBA

‖ rBA ‖
3
2

, (9)  

where ∇ and ‖‖2 denote vector gradient operator and Euclidean norm, 
respectively. 

The magnetic potential energy of the system can be represented as 
follows: 

UM = − BAB⋅μB − BBA⋅μA, (10)  

where the specific expression of UM is given in ’Appendix A’. Due to the 
limitation of stoppers on the lateral displacement of the cantilever 
beams, the rotation angle ϑi of the end magnet is small. Therefore, we 
can take the following approximations: sin ϑi → 0, cos ϑi → 1, i = 1, 2. 
The magnetic forces of Magnet A and Magnet B interacting with each 
other along the ey axis can be derived according to FMi = ∇UM and the 
above approximations, whose specific forms are given in ’Appendix A’. 
A piecewise linear function [44,45] is used to describe the nonlinear 
impact force as follows: 

FSi (LSi ,t)=

⎧
⎨

⎩

ksi[wi(LBi ,t)+dw′
i(LBi ,t)− dhi] wi(LBi ,t)+dw′

i(LBi ,t)>dhi

0 − dhi<wi(LBi ,t)+dw′
i(LBi ,t)<dhi

ksi[wi(LBi ,t)+dw′
i(LBi ,t)+dhi] wi(LBi ,t)+dw′

i(LBi ,t)< − dhi

,

(11)  

where ksi and dhi represent the impact stiffness and the gap between the 
stopper and the ith magnet, respectively. Once the magnet displacement 
exceeds the range of ± dh, the magnet collides with the stop block. This 
collision reinforces the structural rigidity of the cantilever beam, leading 
to a pronounced high-frequency response. The magnet does not collide if 
the cantilever beam undergoes motion within the interval of (- dh, + dh). 

The work done by external force mainly includes three parts: the 
work done by the electric charge when passing through the resistance, 
the work done by the internal resistance of the cantilever beam, and the 
work generated by the collision. Therefore, the work done by external 
force can be expressed as follows: 

δWC = − Qi(t)δVi(t) −
∫ LBi

0
FSi (LBi , t)δ(x − LBi )δwidx −

∫

Vi

ci
∂Si

∂t
δSidVi,

(12)  

where δ is the variational operator, ci and Si are the damping coefficient 
and transverse strain of the ith beam, respectively. The Galerkin dis
cretization [59] is employed to separate the displacement response of 
the cantilever beam into spatial and time components as: 

wi(x, t) =
∑∞

j=1
ηij(t)ϕij(x), (13)  

where ηij(t) is the generalized temporal coordinates and ϕij(x) is the 
model shape function with two segments changed due to the geometric 
and material characteristics. 

ϕij(x) =
∑2

n=1
ϕijn(x)Hin(x), (14)  

where Hijn(x) is the Heaviside step function with 1 or 0 according to the 
boundary condition. ϕij1(x) is the shape function of the composite beam, 
while ϕij2(x) represents the base beam. Their detailed expressions are 
given in “Appendix A”. 

To effectively depict the high-frequency vibrational response 
resulting from collisions, this paper adopts the first three orders of beam 
modes to characterize the behavior of the cantilever beam. The Lagrange 
function of the system can be written as follows: 

LK = TK + WE − UC − UM . (15) 

We take ηij and VPi as the generalized coordinates and taked partial 
derivatives of the Lagrange equation: 

d
dt

(
∂LK

∂η̇ij

)

−
∂LK

∂ηij
=

δWC

δηij
, (16)  

d
dt

(
∂LK

∂V̇Pi

)

−
∂LK

∂VPi
=

δWC

δVPi
. (17) 

The electromechanical coupling equation of the IMTPEH can be 
obtained as follows: 

Meijη̈ij(t) + Ceijη̇ij(t) + Keijηij(t) − FMi(t) − θPijVPi(t)

= − ϕij2(LBi )FSi (LSi , t) − Γijẅb(t), (18)  

CPi V̇Pi(t) +
1

RLi

VPi(t) +
∑3

j=1
θPijη̇ij(t) = 0, (19)  

where Meij, Ceij, Keij, θPi and Γij are the electromechanical coupling and 
excitation coefficients of the ith beams in the jth mode, respectively. RLi 
is the load resistance of the ith piezoelectric patch. The specific ex
pressions of Meij, Ceij, Keij, θPij, and Γij can be found in “Appendix A”. 
From Eq. (18), the interaction between Beam A and Beam B is influenced 
by the magnetic force FMi(t), and the magnetic force is also affected by 
the relative position of the two beams. When the resonance frequencies 
of two beams are different, under the action of the magnets, each beam 
will move under the excitation of the two resonance frequencies, 
resulting in two voltage segments. 

3. System dynamics analysis 

To gain deeper insights into the power generation capability of the 
IMTPEH, it is imperative to investigate the interactive potential energy 
and the voltage-frequency response of the system across varying magnet 
distances and beam stiffness. 

3.1. The static potential energy 

The static potential energy of the system consists of the elastic po
tential energy of the cantilever beam and the magnetic potential energy 
between two magnets, expressed as follows: 

US =
∑2

i=1

1
2
Kei1w2

i (LBi) + UM . (20) 

Fig. 2 illustrates the effects of the magnet distance and cantilever 
stiffness on the potential energy of the system. In Fig. 2(a.1), potential 
energy surfaces enclosed by three types of boundary lines correspond to 
magnet distances of 20, 25, and 30 mm, respectively. The black planes 
denote the positions of the stop blocks, situated at 3 mm and 8 mm, 
respectively. An analysis of the projected contour of the potential energy 
surface reveals that with an increase in the magnet distance, the static 
equilibrium point of the cantilever beams gravitates along a diagonal 
line. Concurrently, as the magnet distance increases, the magnetic po
tential energy decreases until the nonlinear state of the bistable di
minishes. The bistable system transits to a monostable state when the 
magnet distance exceeds a critical value as shown in Fig. A1, which is 32 
mm. The distribution of static equilibrium points along the diagonal line 
is attributed to the unaltered stiffness ratio of the two cantilever beams. 
The presence of a stop block exerts constraints on the static equilibrium 
position of the system. For the stop gap of 8 mm, the static equilibrium 
position w1 of Beam A faces constraints, preventing it from reaching the 
equilibrium position due to the stop block. However, Beam B remains 
largely unaffected. When the stop gap reduces to 3 mm, both Beam A 
and B encounter spatial limitations, rendering the attainment of their 
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respective equilibrium positions unfeasible. As the restraint distance 
diminishes, there is a proportional escalation in the energy associated 
with the orbital movement of the cantilever beam, resulting in an 
augmented potential energy reservoir within the system. Moving to 
Fig. 2(b.1), the curved lines on the potential energy surfaces follow the 
w1 = w2 direction observed in Fig. 2(a.1). As the magnet distance in
creases, the height of the potential barrier diminishes, resulting in the 
gradual approach of the static equilibrium point and a consequent 
reduction in the overall potential energy. This reduction in potential 
energy lowers the energy required for the cantilever beam to move 
across the well. 

Fig. 2(a.2) and (b.2) depict the influence of the equivalent stiffness 
ratio of Beam B to Beam A on the potential well of the system along with 
varying stopper positions. The projection profile (contour line range: 
0.03 - 0.05 J) of the potential well reveals that as the stiffness ratio es
calates, the static equilibrium position rotates clockwise. This phe
nomenon is attributed to the increase in the stiffness of Beam B, leading 
to a reduction in static deformation. With the augmentation of the 
stiffness of Beam B, the static equilibrium displacement of Beam B un
dergoes reduction, eventually contracting to a point within the range of 
the stop gap. From Fig. 2(b.2), the positions of stop blocks are 8 mm and 
3 mm, respectively. As the stiffness ratio increases, Beam B exhibits a 
reduced susceptibility to the influence of the stopper, while Beam A 
remains virtually unaffected by the presence of the stopper. When the 
stop gap is 3 mm, both beams are influenced by the stop blocks in their 

static equilibrium positions. Moving to Fig. 2(b.2), with an increase in 
the stiffness ratio, the overall potential energy of the system rises. At the 
same time, the potential well gets shallower and narrower. Conse
quently, the cantilever beams demand more energy to traverse across 
the well, resulting in a high risk of confined intra-well motion with 
reduced amplitude under the same acceleration excitation. Since the 
magnet distance remains constant, the static potential saddle of the 
system remains unaltered. In other words, the energy required for inter- 
well movement of the two beams remains consistent. As the stiffness of 
Beam B increases, the static equilibrium point of the system rotates 
clockwise. This indicates a decrease in static deformation of Beam B and 
a subsequent elevation in the overall potential energy, as graphically 
presented in Fig. 2(b.2). Furthermore, this alteration leads to an increase 
in stable lateral displacement of Beam A while the displacement of Beam 
B diminishes. Consequently, Beam A experiences larger amplitudes 
during inter-well motions than Beam B. 

In summary, as the distance of the magnet decreases, the potential 
barrier elevates, impeding the inter-well motion of the cantilever beam. 
In contrast, an increase in the stiffness of the cantilever beam elevates 
the overall potential energy and reduces the relative potential barrier. 
The stop block restricts the static equilibrium position of the cantilever 
beam. As the stop gap reduces, the orbital energy of the motion in
tensifies, thereby heightening the challenge of the inter-well motion of 
the cantilever beam. 

Fig. 2. System potential energy plots under magnet distances of 20, 25 and 30 mm and the stiffness ratio of 1, 2, 3. Three-dimensional potential well surfaces and 
potential well contours under (a.1) the three magnet distances, (a.2) the stiffness ratio of 1, 2 and 3. Black tetrahedrons represent restricted spaces with stop gaps of 3 
and 8 mm, respectively. (b) Curved lines on the potential energy surfaces along the direction w1 = w2 in Fig. 2(a). The static potential of the system increases with 
decreasing the magnet distance or increasing the stiffness ratio. 
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3.2. The frequency voltage response 

Following the potential energy analysis, it becomes evident that the 
magnet distance, stop gap and beam stiffness significantly influence the 
dynamic motion of an IMTPEH, and further affect the electric output. As 
a result, this section delves into how the external excitation, magnet 
distance, stop gap, and beam stiffness collectively influence the open 
circuit voltage of the system. To comprehensively understand how these 
factors effect energy harvesting performance, numerical simulations are 
conducted to obtain the frequency-voltage responses under varying 
conditions. To better simulate the high-frequency signals generated by 
collisions, and for ease of calculation, we selected the first three modes. 
We have verified the rationality of the third-order mode through the 
comparison results in Fig. A3. Notably, the primary parameters of the 
IMTPEH are listed in Table 1. The Runge-Kutta method in Matlab soft
ware is utilized to obtain voltage-frequency-resistance responses by 
solving Eqs. (18) - (21) in a vector space, as shown in Eq. (A18). 

Fig. 3 illustrates the numerically computed terminal voltage at the 
external resistance of 10 MΩ by considering variations in these four 
influencing factors. 

Fig. 3(a) presents the terminal voltage variations as the excitation 
acceleration increases from 0.4 g to 0.8 g while maintaining the magnet 
distance at 25 mm and the stop gap at 8 mm. To clearly describe the 
electrical response of the two beams, we define the voltage response 
induced by resonance as the active voltage (AV) response and the 
voltage response induced by magnetic force as the driven voltage (DV) 
response. In this scenario, for Beam A, the AV peak reaches 34.5 V, and 
the DV peak is 13.6 V. Likewise, Beam B exhibits an AV peak of 56.0 V 
and a DV peak of 21.2 V. Although elevating the excitation acceleration 
amplifies the resonant amplitude, the output peak voltages of the PEHs 
remain relatively constant due to the displacement restriction enforced 
by the stop block. Moreover, with increasing excitation acceleration, the 
truncation frequency bandwidth of Beam A expands from 5.7 Hz to 8.4 
Hz and that of Beam B from 0.5 Hz to 2.8 Hz. The increased excitation 
force prompts a larger displacement of beams as indicated by Eq. (11), 
and intensifies the impact force between the magnets and the stoppers. 
This impact force can be likened to augmenting the stiffness of the 
cantilever beam. However, since Beam B has a higher stiffness than 
Beam A, the stiffness effect of the magnetic force is more pronounced on 
Beam A than on Beam B. Consequently, as the excitation force escalates, 
the truncation frequency band of Beam A surpasses that of Beam B. 

Fig. 3(b) reveals the effect of the magnet distance on the voltage 
response, given a stop gap of 8 mm, an acceleration of 0.6 g and two 
beam thicknesses of 0.3 mm and 0.4 mm. As the magnet distance in
creases from 25 mm to 40 mm, the truncation frequency bandwidth of 
Beam A shrinks from 6.7 Hz to 2.9 Hz, while that of Beam B decreases 
from 1.3 Hz to 0.4 Hz. Simultaneously, reducing the magnet distance 
prompts the static equilibrium points to separate away, accentuates the 
hardening effect and leads to heightened amplitudes in the inter-well 
motion. This, in turn, triggers an increase in both driven vibration and 
voltage amplitude across the two beams. The calculated values in Fig. A2 
show that when the distance between the magnets is less than the critical 
value, the natural frequencies of the two beams rapidly increase and 
stabilize at 13.1 Hz and 19.4 Hz, respectively. However, from Fig. 3(b), 
as the distance between the magnets decreases, the voltage response 
frequency of the two beams decreases. This is because as the distance 
between the magnets decreases, the displacement of the static equilib
rium point increases. From Fig. 2(a), when the magnet distance is 25 
mm, the static equilibrium point of Beam A has exceeded the limit po
sition of the stopper. The dynamic energy is transmitted to Beam A 
through collision from stoppers allowing Beam A to vibrate earlier. 
However, once the magnet distance reduces below a certain threshold, 
the external excitation acceleration provided by the simulation is 
insufficient to trigger the complete inter-well motion. For instance, 
when the magnet distance is 20 mm, the system exhibits confined intra- 
well oscillations, as depicted in Fig. 3(b). 

In Fig. 3(c), the voltage-frequency response of the system is obtained 
under an acceleration of 0.6 g and a magnet distance of 25 mm. As the 
stop gap widens, several significant trends emerge: for Beam A, the AV 
peak increases from 17.9 V to 34.2 V, with a DV of 11.7 V. Meanwhile, 
for Beam B, the AV peak rises from 28.3 V to 58.2 V, accompanied by a 
DV of 11.4 V. Increasing the stop gap augments the permissible vibration 
amplitude of the cantilever beam, causing its motion trajectory to extend 
toward the bottom of the potential well. This shift makes passing 
through static equilibrium points easier and facilitates the mutual con
version of kinetic and potential energy, ultimately generating higher 
output voltages. The DV of Beam A is influenced by both motion of Beam 
B and the gap between the magnets and stoppers . Hence, the voltage 
output trend of Beam B aligns with that of Beam A. Notably, as the stop 
gap increases, the active vibration amplitude truncation frequency 
bandwidth of Beam A exhibits a minor alteration. In contrast, while that 
of Beam B decreases from 5.7 Hz to 1.2 Hz. 

Fig. 3(d) illustrates the effect of cantilever beam stiffness on the 
voltage response given a stop gap of 8 mm, a magnet distance of 25 mm, 
and an excitation acceleration of 0.6 g. When the stiffness of both beams 
are identical, the electrical performance of the two piezoelectric layers 
on the beams remains consistent due to their similar dynamic charac
teristics. As the stiffness of Beam B escalates, its resonant frequency and 
corresponding voltage response increase. Furthermore, the heightened 
elastic potential energy of Beam B increases the overall potential energy. 
Consequently, the inter-well motion of Beam B necessitates more 
external energy input. 

In conclusion, external excitation significantly influences the voltage 
output of the system. A greater excitation force facilitates the inter-well 
motion of the two beams, and a reduced magnet distance leads to a 
larger distance between two static equilibrium points. Hence, piezo
electric ceramic patches exhibit enhanced output voltages and wider 
response bandwidths when subjected to larger excitation forces and 
shorter magnet distances. However, the presence of stop blocks con
strains the system’s voltage output and can even force the beams into 
higher energy orbits, effectively inducing the beam hardening effect. 
Furthermore, an increase in the stiffness ratio between the cantilever 
beams leads to an expansion of the response bandwidth. 

4. Electrical performance study 

The results presented in Section 3 underscore how the magnet 

Table 1 
Material characteristics and geometric parameters of the IMTPEH.   

Parameter Value 

Substrates Beam A: Length × Width × Thickness 
(LB1 × bB1 × hB1) 

66 mm × 20 mm ×
0.3 mm 

Beam B: Length × Width × Thickness 
(LB2 × bB2 × hB2) 

66 mm × 20 mm ×
0.4 mm 

Density (ρB) 7850 kg/m3 

Young’s modulus (EB) 200 GPa 
damping coefficient (c1, c2) 12×107, 7 × 107 

Piezoelectric 
layer 

Length × Width × Thickness (LP × bP ×

hP) 
20 mm × 20 mm ×
0.2 mm 

Density (ρP) 7750 kg/m3 

Young’s modulus (EB) 90 GPa 
Permittivity constant (εP

33) 102.2 × 10− 9 F/m 
Stress constant (e31) 16.6 C/m2 

Permanent 
magnets 

Magnet A: Length × Width × Thickness 
(LM1 × bM1 × hM1) 

8 mm × 20 mm × 8 
mm 

Magnet B: Length × Width × Thickness 
(LM2 × bM2 × hM2) 

8 mm × 20 mm × 8 
mm 

Magnet A: residual flux density (BA) 1.5 T 
Magnet B: residual flux density (BB) 1.5 T 
Permeability of free space (μ0) 4 × π × 10− 7 

Density (ρM) 7500 kg/m3 

Stoppers Length × Width × Thickness (LS × bS ×

hS) 
25 mm × 30 mm ×
5 mm 

Density (ρS) 2700 kg/m3  
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distance and stop gap influence the voltage response of the IMTPEH. To 
comprehensively understand electrical characteristics of the harvester, 
Eq. (20) and (21) are employed to calculate the instantaneous power and 
voltage output under the external resistance Ri generated by the two 
beams. 

PRi =
V2

i

Ri
, (21)  

VRi = |Vi|, (22)  

where Vi is the instantaneous voltage of the ith patch under the external 
resistance of Ri, PRi is the instantaneous power of ith patch, and VRi is the 
absolute value of the instantaneous voltage. 

Four representative operational scenarios are selected to investigate 
the power performance, each corresponding to a different installation 
setup. For the sake of clarity, we designate them as follows: the con
ventional PEH signifies the energy harvester without magnets and 
stoppers, α-IMTPEH denotes the harvester with a magnet distance of 30 
mm and a stop gap of 8 mm, β-IMTPEH with a magnet distance of 30 mm 
and a stop gap of 3 mm, γ-IMTPEH with a magnet distance of 25 mm and 
a stop gap of 8 mm, and δ-IMTPEH with a magnet distance of 25 mm and 

Fig. 3. Numerical results of the voltage response of the IMTPEH under the excitation frequency from 0 Hz to 22.0 Hz. The voltage response bandwidth widens as (a) 
the excitation acceleration increases from 0.2 g to 0.8 g, (b) the magnet distance increases from 20 mm to 40 mm, (c) the stop gap decreases, and (d) the cantilever 
beam stiffness ratio increases. 

Fig. 4. Numerical results of the power-frequency-resistance responses of (a) Beam A and (b) Beam B and voltage-frequency-resistance responses of (c) Beam A and 
(d) Beam B in the conventional PEH under the frequency sweep excitation ranging from 0 Hz to 22.0 Hz and the external resistance ranging from 102.0 Ω to 107.0 Ω. 
The maximum power of Beam A is 8.2 mW at 11.6 Hz and 105.0 Ω, while that of Beam B is 17.8 mW at 16.3 Hz and 104.8 Ω. The maximum voltage of Beam A is 50.2 
V, while that of Beam B is 63.1 V. 
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a stop gap of 3 mm. It is noteworthy that α-IMTPEH and β-IMTPEH 
encompass devices featuring relatively weak magnetic fields under the 
large magnet distance of 30 mm, while γ-IMTPEH and δ-IMTPEH entail 
devices with strong magnetic fields sunder the small magnet distance of 
25 mm. Additionally, the cantilever beams of α-IMTPEH and γ-IMTPEH 
possess more spacious vibration areas, while the beams in β-IMTPEH 
and δ-IMTPEH are confined in smaller vibration spaces. In the ensuing 
section, we will individually explore the power responses of these four 
configurations. To delve into the influences of the magnet distance, stop 
gap and load resistance on the power responses of five configurations. 

4.1. The conventional linear PEH 

To comprehend the influences of the magnet distance and stop gap 
on the performance of a conventional PEH, the following section un
dertakes numerical computations of the power and terminal voltage of 
the system. Fig. 4 visualizes the power spectrum and the terminal 
voltage of the conventional PEH. 

Fig. 4(a) and (b), respectively, show the power responses of Beam A 
and Beam B in a conventional PEH (without magnets and stoppers) as 
counterparts for the following comparisons. Beam A attains its peak 
power of 8.2 mW at the excitation frequency of 11.6 Hz and the external 
resistance of 105.0 Ω. Conversely, Beam B demonstrates a superior 
maximum power of 17.8 mW at the excitation frequency of 16.3 Hz and 
the external resistance of 104.8 Ω. Fig. 4(c) and (d) depict the terminal 
voltage profiles of the two beams, indicating their peak values of 50.2 V 
and 63.1 V around the external resistance of 106.0 Ω. Notably, both 
beams produce voltage responses exclusively within specific narrow 
frequency ranges: the response of Beam A is confined to the proximity of 
11.6 Hz, and the response of Beam B is observed around 16.3 Hz. 

The results in Fig. 4 reveal that excluding magnets and stoppers 
yields two typical cantilever PEHs with conventional linear behavior. 
Specifically, the power output distribution assumes a characteristic 
normal curve, showing fluctuations in response to alterations in resis
tance. This emphasizes the presence of an optimal impedance that 
maximizes power generation. Notably, the power output proves to be 
sensitive to variations in the load resistance, culminating in its zenith at 
the identified optimal impedance point. Additionally, the voltage 
response displays an ascending trajectory in tandem with increments in 

the load resistance. To conclude, removing magnets and stoppers from 
the configuration engenders prototypical electrical traits reminiscent of 
a cantilever piezoelectric energy harvester. In this regard, the load 
resistance notably influences the power output, while the terminal 
voltage converges to the open circuit voltage. 

4.2. IMTPEHs with weak magnetic coupling 

Owing to the significant effect of the stop gap on the dynamic motion 
of the cantilever beam, whether it engages in inter- or intra-well motion 
greatly influences the power generation of the system. Consequently, 
this section is dedicated to exploring the effect of the stop gap on the 
performance in two distinct scenarios: one characterized by a stop gap of 
8 mm and the other with 3 mm. By thoroughly analyzing the two sce
narios, we can provide insights into how the stop gap affects the elec
trical characteristics. 

Fig. 5 shows the output power and terminal voltage profiles of two 
piezoelectric patches in the α-IMTPEH configuration. The introduction 
of the magnet imparts unique vibration responses to both beams, man
ifesting at two distinct frequencies. One frequency corresponds to the 
fundamental resonance, whose power performance is called active 
power (AP), while the other delineates passive responses arising from 
the influence of magnetic forces called driven power (DP). 

In Fig. 5(a), Beam A exhibits the maximum AP of 4.5 mW at the 
optimal resistance of 105.1 Ω and the excitation frequency of 8.7 Hz. 
Conversely, the optimal impedance for the DP is 103.8 Ω with the cor
responding power of 0.8 mW under the excitation frequency of 15.5 Hz. 
The maximum AV is 35.5 V at the external resistance of 106.0 Ω in Fig. 5 
(c), while the DV reaches its highest value of 15.7 V. When Beam A 
resonates, Beam B experiences forced vibration under the magnetic force 
and vice versa. This reciprocal influence engenders two discernible 
response bands in both the power and voltage spectra of both beams. 
This phenomenon arises from their disparate resonant frequencies (11.6 
Hz and 16.3 Hz) and the effect of the magnetic field. This behavior di
verges from the standard electrical response of a conventional PEH, thus 
contributing to the expansion of the power response bandwidth of the 
energy harvester. 

Fig. 5(b) and (d) visualize the power and terminal voltage profiles of 
Beam B in the α-IMTPEH configuration. Notably, the highest power 

Fig. 5. Numerical results of the power-frequency-resistance responses of (a) Beam A and (b) Beam B and voltage-frequency-resistance responses (c) Beam A and (d) 
Beam B in α-IMTPEH under the frequency sweep excitation ranging from 0 Hz to 22.0 Hz and the external resistance ranging from 102.0 Ω to 107.0 Ω. The maximum 
power of Beam A is 4.5 mW at 8.7 Hz and 105.1 Ω, while that of Beam B is 56.8 mW at 15.6 Hz and 103.6 Ω. The maximum terminal voltage of Beam A is 35.5 V, while 
that of Beam B is 56.3 V. 
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output of Beam B (56.8 mW) is achieved at the external resistance of 
103.6 Ω under the excitation frequency of 15.6 Hz. The power spectrum 
of Beam B can be categorized into two distinct segments: the AP spans 
from 102.7 Ω to 105.0 Ω. The low resistance power section fo the AP 
demonstrates stronger disorder and nonlinearity. A similar phenomenon 
is observed in the power response of Beam A, as depicted in Fig. 5(a). 
The system nonlinear dynamic contributes to elevated voltage and 
power outputs than a conventional PEH shunted to the same external 
resistance. However, owing to the interplay of nonlinear terms within 
the system dynamics, the voltage response of the IMTPEH manifests 
enhanced disorder and transient characteristics. 

To contrast the influence of the stop gap on the electrical perfor
mance, Fig. 6 presents the power and voltage responses of the β-IMTPEH 
configuration. In Fig. 6(a), Beam A attains identical maximum power 
values of 2.6 mW under two distinct excitation frequencies of 8.4 Hz and 
11.9 Hz. The corresponding optimal resistances are the same, 103.9 Ω. 
Remarkably, the instantaneous maximum power of 2.6 mW recorded at 
the lower load resistance (103.9 Ω) surpasses the corresponding value of 
0.8 mW at the higher resistance (105.1 Ω). Upon comparing Fig. 6(a) 
with Fig. 5(a), a striking distinction is evident: in β-IMTPEH, the optimal 
resistance of Beam is lower than that in α-IMTPEH. This divergence can 
be attributed to the interaction between the magnets and stoppers, 
accentuating the response frequency. This alteration consequently re
duces the optimal impedance of the harvester, thereby augmenting the 
instantaneous power output. By juxtaposing Figs. 4(c), 5(c) and 6(c), a 
discernible trend becomes apparent. The peak power attained by Beam 
A of β-IMTPEH surpasses those in α-IMTPEH and the conventional PEH, 
so is the operational bandwidth (ranging from 5.6 Hz to 11.5 Hz). Fig. 6 
(c) offers additional insights and reveals that the AV response of Beam A 
can be divided into two distinct ranges. The first range presents a chaotic 
distribution spanning from 5.6 Hz to 6.8 Hz, while the subsequent range 
embodies a linear character over 6.8 Hz - 11.5 Hz. According to the 
conclusions in the referenced paper [88], the cantilever beam energy 
harvester, influenced by a magnetic field, undergoes chaotic vibration 
when exposed to low-frequency excitation. As the excitation frequency 
increases, the system transits into periodic motion. This transition is 
explicitly manifested in the voltage response, exhibiting a disordered 
response under low-frequency excitation and evolving into a periodic 
response as the frequency increases. 

The power response predominantly resides over the AP frequency 
bandwidth from 12.2 Hz to 17.3 Hz for Beam B of β-IMTPEH in Fig. 6(b), 
which surpasses the corresponding range observed for Beam B of 
α-IMTPEH (14.5 Hz - 16.3 Hz). However, the peak power response 
recorded is lower (40.7 mW vs. 56.8 mW). As shown in Fig. 6(d), the AV 
frequency range of Beam B extends from 12.2 Hz to 17.3 Hz, with the 
overall voltage response lower than that of β-IMTPEH. This reduction in 
voltage amplitude can be attributed to the diminishing deformation of 
the cantilever beam and piezoelectric patches as the gap between the 
stoppers decreases. 

4.3. IMTPEHs with strong magnetic coupling 

The power and voltage responses of the IMTPEH under weak mag
netic fields have been explored in Section 4.2. It was found that Beam A 
consistently generates higher AP than DP. This can be attributed to the 
fact that, when exposed to weak magnetic fields, the response of Beam A 
is primarily governed by its resonance, and the influence of magnetic 
forces remains relatively subdued. However, as the proximity between 
the two magnets decreases, the magnetic force between them intensifies. 
In this section, we will delve into the output power and voltage re
sponses of the system in strong magnetic fields. 

Fig. 7 illustrates the power and voltage response diagram of the 
γ-IMTPEH configuration. The AP is generated within the frequency 
range of 2.2 Hz to 6.1 Hz, occurring alongside a resistance range of 103.0 

Ω to 104.2 Ω, primarily within the low resistance region, as shown in 
Fig. 7(a). The power peak, amounting to 6.0 mW, is attained at 5.9 Hz 
and the external resistance of 103.7 Ω. Meanwhile, the DP, influenced by 
the magnetic effects, falls within 14.2 Hz - 15.2 Hz and the corre
sponding external resistance range of 103.0 Ω - 103.8 Ω. The maximum 
instantaneous power reaches 92.8 mW at the resistance of 103.7 Ω and 
the frequency of 15.7 Hz. A comparative analysis between Figs. 7(a) and 
5(a) reveals that the peaks of the AP and DP exhibited by Beam A in 
γ-IMTPEH surpass those in α-IMTPEH (6.0 mW vs. 4.5 mW and 92.8 mW 
vs. 0.8 mW, respectively). Furthermore, the voltage response charac
teristics of Beam A are depicted in Fig. 7(c), showing a minor decrease in 
the AV (33.7 V compared to 35.5 V), an expanded frequency bandwidth 
(6.5 Hz vs. 0.8 Hz), and a substantial increase in the DV (38.8 V 
compared to 15.7 V) compared to the α-IMTPEH configuration, as 

Fig. 6. Numerical results of the power-frequency-resistance responses of (a) Beam A and (b) Beam B and voltage-frequency-resistance responses of (c) Beam A and 
(d) Beam B in β-IMTPEH under the frequency sweep excitation ranging from 0 Hz to 22.0 Hz and the external resistance ranging from 102.0 Ω to 107.0 Ω. The 
maximum power of Beam A is 0.8 mW at 8.4 Hz and 103.9 Ω, respectively, while that of Beam B is 40.7 mW at 17.4 Hz and 103.6 Ω. The maximum terminal voltage of 
Beam A is 16.4 V, while that of Beam B is 26.1 V. 
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depicted in Fig. 5(c). 
Comparing Figs. 7(b) and 5(b) shows that the AP (115.9 mW) 

demonstrated by Beam B in γ-IMTPEH surpasses that (56.8 mW) in 
α-IMTPEH. Moreover, the response frequency bandwidth of γ-IMTPEH 
(2.0 Hz) is narrower than that of the α-IMTPEH configuration (2.7 Hz), 
with the resistance range experiencing only minor changes (102.8 Ω - 
104.8 Ω for γ-IMTPEH versus 102.7 Ω - 105.0 Ω for α-IMTPEH). Although 
the voltages produced by Beam B of γ-IMTPEH are smaller than those of 
α-IMTPEH (e.g., 14.4 V for γ-IMTPEH versus 35.5 V for α-IMTPEH), the 
voltage frequency bandwidth of γ-IMTPEH is wider (2.4 Hz for 
γ-IMTPEH versus 1.8 Hz for α-IMTPEH) when comparing Figs. 7(d) and 
5(d). This is because the smaller magnet distance results in augmented 
potential energy of the system, which intensify the magnetic force be
tween the two magnets. Consequently, the DP/DV surpass the AP/AV for 

Beam A. Additionally, due to the incremental strengthening effect 
brought by the magnetic field on the cantilever beam, both the power 
and voltage response frequency bandwidths are widened. 

Fig. 8(a) shows the AP profile of Beam A in the δ-IMTPEH configu
ration. The AP occurs over 2.5 Hz to 5.8 Hz and corresponds to the 
resistance range from 103.0 Ω to 104.2 Ω. The maximum instantaneous 
power is 5.0 mW observed at the frequency of 5.6 Hz and the resistance 
of 103.7 Ω. A comparative analysis of the DP bandwidth of Beam A in 
δ-IMTPEH (11.5 Hz - 20.1 Hz) with that of γ-IMTPEH (14.2 Hz - 15.2 Hz) 
underscores a broader bandwidth of δ-IMTPEH while a lower peak 
power (38.2 mW) than that of γ-IMTPEH (92.8 mW). Turning attention 
to the findings in Figs. 8(c) and 7(c), the AV response (peak voltage of 
14.4 V) of Beam A in δ-IMTPEH is smaller than that in γ-IMTPEH (33.7 
V). The presence of stop blocks limits the movement space and restricts 

Fig. 7. Numerical results of the power-frequency-resistance responses of (a) Beam A and (b) Beam B and voltage-frequency-resistance responses of (c) Beam A and 
(d) Beam B in γ-IMTPEH under the frequency sweep excitation ranging from 0 Hz to 22.0 Hz and the external resistance ranging from 102.0 Ω to 107.0 Ω. The 
maximum power of Beam A is 92.8 mW at 15.7 Hz and 103.7 Ω, while that of Beam B is 115.9 mW at 15.7 Hz and 103.7 Ω. The maximum terminal voltage of Beam A is 
38.8 V, while that of Beam B is 54.2 V. 

Fig. 8. Numerical results of the power-frequency-resistance responses of (a) Beam A and (b) Beam B and voltage-frequency-resistance responses of (c) Beam A and 
(d) Beam B in δ-IMTPEH under the frequency sweep excitation ranging from 0 Hz to 22.0 Hz and the external resistance ranging from 102.0 Ω to 107.0 Ω. The 
maximum power of Beam A is 38.2 mW at 19.7 Hz and 103.5 Ω, while that of Beam B is 51.6 mW at 18.7 Hz and 103.7 Ω. The maximum terminal voltage of Beam A is 
31.0 V, while that of Beam B is 27.1 V. 
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the beam deformation. This scenario compels the cantilever beam to 
sustain continuous motion on a high potential energy orbit, fostering a 
disordered voltage response across the system. Diverging from the 
power response of γ-IMTPEH, the DP and the corresponding bandwidth 
of δ-IMTPEH exceed those of the AP. This can be explained by the 
increased magnetic field forces exerted upon the two beams of 
δ-IMTPEH compared to γ-IMTPEH. 

As demonstrated in Fig. 8(b), the AP peak of Beam B in δ-IMTPEH 
appears at 18.7 Hz and 103.8 Ω. This peak is situated over 11.5 Hz - 20.1 
Hz, with a resistance range from 103.0 Ω to 104.5 Ω. A direct comparison 
between Figs. 8(b) and 7(b) shows that the AP peak (51.6 mW) for Beam 
B in δ-IMTPEH is smaller than that achieved in γ-IMTPEH (115.9 mW). 
Furthermore, the truncation frequency bandwidth of δ-IMTPEH (8.6 Hz) 
exceeds that of γ-IMTPEH (2.0 Hz). Similarly, upon contrasting Figs. 8 
(d) and 7(d), the peak voltage of δ-IMTPEH (27.1 V) is smaller than that 
of γ-IMTPEH (54.2 V). Reducing the stop gap under the influence of a 
strong magnetic field curtails the available motion space for the canti
lever beam, which restricts the beam deformation and the stains in the 
associated piezoelectric element. Furthermore, the intensified hard
ening effect induced by collisions at a smaller stop gap engenders a more 
pronounced impact resulting in a broader bandwidth of the system. 
Comparing Figs. 8(b) and 6(b), the AP peak of Beam B in δ-IMTPEH 
(55.0 mW) surpasses that in β-IMTPEH (40.7 mW). Correspondingly, the 
frequency bandwidth of δ-IMTPEH exceeds that of β-IMTPEH, while the 
impedance range remains similar (103.0 Ω - 104.5 Ω for δ-IMTPEH versus 
103.2 Ω - 104.6 Ω for β-IMTPEH). Furthermore, comparing Fig. 8(d) and 
Fig. 6(d), the peaks of the AV and DV of Beam B in δ-IMTPEH (19.7 V and 
27.1 V) beat those in β-IMTPEH (7.2 V and 26.1 V). The voltage band
widths of δ-IMTPEH (6.6 Hz and 8.8 Hz) are also broader than those of 
β-IMTPEH (5.9 Hz and 5.1 Hz). 

5. Experimental validation 

The electromechanical coupling model of the system was established 
in Section 2, and the main factors affecting the output performance of 
the system, such as the magnet distance and the stop gap, were discussed 
in Section 4. This section validates the numerical calculation results 

through frequency sweep, fixed frequency voltage response, and power 
response. 

This section will experimentally validate the numerical results ob
tained in Sections 3 and 4, focusing on terminal voltage and power re
sponses. Fig. 9 shows the experimental setup. The computer software 
generates excitation waveforms to the power amplifier (Econ. E5874A), 
which amplifies and transmits the control signals to the vibration shaker 
(Econ. E-JZK-50) through the power supply, inputting forced vibration 
to the prototype. The prototype is mounted on a base structure attached 
to the vibration shaker, with its beams parallel to the direction of gravity 
to minimize the gravity influence. Two cantilever beams with magnets 
at their free ends are positioned face to face and clamped on the base. 
Piezoelectric patches are partially attached to the upper surfaces of the 
beams. Thick aluminum plates are used as stoppers, placed above and 
below the magnets, and securely fixed on the vertical plates. When the 
piezoelectric patches deform with the cantilever beams, the displace
ments of ions within the patches result in a change in electric dipole 
moment and the generation of an electric field. The IMTPEH prototype is 
excited by a vibration shaker. The input excitation is set in two modes: a 
fixed frequency excitation at the frequency of 14.0 Hz and a sweep 
frequency excitation at the frequency sweeping rate of 10 Hz/min 
ranging from 4.0 Hz to 22.0 Hz with an acceleration of 0.6 g (1 g = 9.8 
m/s2). The output voltages of the two piezoelectric patches attached to 
the beams are measured using an oscilloscope (Tektronix MDO3024). 

5.1. Validation of the terminal voltage under constant frequency 
excitation 

According to [34–36] and Eq. (22), the matching impedance of a 
PEH is related to its internal capacitance and response frequency. 

Ro =
1

2πfnC
, (23)  

where Ro is the matching impedance, fn is the response frequency of the 
piezoelectric patch, and C is the internal capacitance of the piezoelectric 
patch. In Fig. 4, the natural frequencies of both beams without the 

Fig. 9. Electrodynamic shaker platform for the vibration test. It consists of an electrodynamic shaker, a power amplifier, a controller, an oscilloscope, and an 
accelerometer. The IMVPEH is installed on the shaker. The acceleration signals are fed back to the controller, whose control signals is amplified by the amplifier and 
transmitted to the shaker. The electrical signals are measured by the oscilloscope. 
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magnetic coupling are 11.6 Hz and 16.3 Hz. According to Eq. (23), the 
calculation results of the internal resistance of two piezoelectric beams 
are 105.0 Ω and 104.8 Ω, which are equal to their matching impedance 
calculated in Fig. 4. Due to the effect of collisions, the response fre
quency of the piezoelectric beam increases, thereby reducing its internal 
resistance according to Eq. (23). This also results in a decrease or 
expansion of the matching impedance of the energy harvester, thereby 
increasing the response power. To provide a more detailed description of 
the effect of the collision on the matching impedance, this section will 
present the simulation and experimental results of the terminal voltage 
generated by the four IMTPEHs at 14.0 Hz and 0.6 g, with a shunted 
resistor of 107.0 Ω. In Fig. 10, the solid red lines represent the experi
mental results of Beam A and Beam B, respectively, while the dashed 
blue lines are the numerical results. 

As shown in Fig. 10, the voltage waveforms obtained by numerical 
simulation roughly agree with the experimental results. The voltage 
amplitude discrepancy is within 10 %. In Fig. 10(a), the experimental 
results indicate that response frequency of Beam A is 7.0 Hz by forced 
vibration, and there is almost no high-frequency component by collision. 
According to Eq. (23), its corresponding power is relatively low. The 
experimental voltage response of Beam B contains a 555.5 Hz high- 
frequency component by collision, corresponding to an optimal 
impedance of 103.3 Ω, while the simulation value is 101.0 Hz and 104.0 

Ω. This deviation may partly arise from the limitation of the dynamic 
model, which only considers the first three vibration modes of the 
cantilever beam and the segmented linear collision model. The third- 
order mode of the cantilever beam used in the model has a response 
frequency within 500.0 Hz, which makes it difficult for the system to 
respond to the high-order frequency generated by the collision. 

In Fig. 10(b), experimental results of Beam A exhibit a collision 
response at 120.0 Hz. The corresponding optimal impedance is 103.9 Ω. 
The simulation results for Beam A lack an evident high-frequency 
component. Moving onto the experimental results for Beam B in 
Fig. 10(b), one notes a collision frequency of 500.0 Hz, associated with a 
matching impedance of 103.3 Ω. Additionally, the collision frequency 
calculated is 101.0 Hz, corresponding to a matching impedance of 104.0 

Ω, which is close to the matching impedance of 103.6 Ω in Fig. 6(b). This 
difference in matching impedances is because only the low-frequency 
components are considered in the dynamic model, which causes an in
crease in the corresponding matching impedance, as indicated by Eq. 

(23). 
In Fig. 10(c), the collision frequency in the experimental results of 

Beam A is 166.7 Hz, indicating a matching impedance of approximately 
103.8 Ω. However, in the numerical voltage results, the high-frequency 
response occurs at 74.0 Hz, corresponding to a matching impedance of 
104.1 Ω, which is slightly higher than the experimental result. This 
discrepancy indicates that the numerical simulation cannot accurately 
predict the exact matching impedance observed in the experiment. 
Furthermore, the high-frequency component in the simulation results of 
Beam B is lower than that identified in the experimental results, 
implying an overestimation of the matching impedance. 

In Fig. 10(d), both the experimental and numerical results of Beam A 
exhibit a collision frequency of 166.7 Hz, corresponding to a matching 
impedance of approximately 103.8 Ω. This value agrees with the optimal 
impedance (103.7 Ω) observed in Fig. 8(a). Due to the limitations 
imposed by the stopper, Beam A in δ-IMTPEH experiences high-energy 
orbit vibration under the dual-hardening effect of magnetic force and 
collision. As a result, Beam A vibrates at the same frequency as Beam B, 
which is different from the first three configurations. In the first three 
harvesters, the weaker hardening effect on Beam A caused by magnetic 
fields and collisions leads to a response frequency that is half that of 
Beam B. In the experimental results of Beam B, a collision frequency of 
1000.0 Hz is observed. The numerical results show a collision frequency 
of 400.0 Hz. The experimental and numerical results correspond to 
matching impedances of 103.0 Ω and 103.4 Ω, respectively. We can use 
the same theory to explain the discrepancy: the numerical model only 
accounts for lower-order vibration modes, resulting in a reduced colli
sion response. 

In conclusion, the numerical calculations considered only the first 
three order modes of the cantilever beam, resulting in a lower collision 
response frequency than the experimental results. Consequently, the 
matching impedances predicted by numerical simulations are slightly 
higher than experimental results. Nonetheless, it is worth noting that the 
differences between numerically predicted matching impedances and 
experimental ones fall within an acceptable range. 

5.2. Validation of the terminal voltage under the sweep frequency 
excitation 

The preceding section validated the response waveform and 

Fig. 10. Comparison of the experimental and simulation results of the terminal voltage responses generated by the four IMTPEHs under the excitation frequency of 
16.0 Hz and the acceleration of 0.6 g. The voltage responses of Beam A and Beam B in (a) α-IMTPEH, (b) β-IMTPEH, (c) γ-IMTPEH, (d) δ-IMTPEH. The red solid line 
represents the experimental results, while the blue dashed line represents the numerical results. 
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matching impedance of the energy harvester. This section aims to 
further validate the frequency bandwidths by conducting frequency 
sweep experiments. Fig. 11 shows the voltage-frequency responses of 
the four harvesters subjected to an upward frequency sweep excitation 
from 4.0 Hz to 22.0 Hz and a constant acceleration of 0.6 g. The blue 
dashed lines represent the numerical results obtained by solving Eqs. 
(18) and (19). The resistance was set to 107.0 Ω. The red solid lines 
represent the experimental results obtained under open circuit condi
tions. The geometric and material parameters of the experimental pro
totype and numerical model are listed in Table 1. 

To facilitate the representation of errors between numerical and 
experimental results, we employ the absolute voltage error percentage 
(Ve) and the absolute collision bandwidth error percentage (Fe) as error 
metrics. Specifically, Ve is defined as Ve = |Vexperimental − Vnumeritical|/ 
Vexperimental × 100%, where Vexperimental and Vnumeritical denote the 
experimental and numerical voltage, respectively; Fe is defined as Fe = | 
Fexperimental − Fnumeritical|/Fexperimental × 100%, where Fexperimental and 
Fnumeritical denote the experimental and numerical frequency bandwidth, 
respectively. 

As shown in Fig. 11, regarding the peak voltage, the errors of the 
numerical results of the AV for Beam A in the four harvesters are 3.7 %, 
14.3 %, 19.7 %, and 12.0 %, respectively. Similarly, for Beam B, the 
numerical errors of the AV are 4.1 %, 15.5 %, 16.7 %, and 11.8 %, 
respectively. All these errors fall below an acceptable threshold of 20 %. 
Regarding the frequency bandwidth prediction, the numerical errors of 
the AV for Beam A in the four harvesters are 3.6 %, 9.2 %, 10.4 %, and 
15.0 %, respectively. For Beam B, the errors are 1.8 %, 8.2 %, 9.3 %, and 
9.4 %, respectively. Comparatively, the bandwidth errors for γ-IMTPEH 
and δ-IMTPEH are greater than those for α-IMTPEH and β-IMTPEH, 
indicating that the prediction error under strong magnetic field condi
tions is more significant than that under weak magnetic field conditions. 
The presented model uses the point dipole model [34] to predict the 
magnetic force, which simplifies the magnets as particles. However, 
magnets have specific volumes that affect the magnetic field distribu
tions in practice. 

Compared with Fig. 11(a), (c) and 11(b), (d), there is a wider cutoff 
frequency bandwidth for small stop gaps. Similarly, compared to 
α-IMTPEH, β-IMTPEH and γ-IMTPEH, δ-IMTPEH, a small magnet dis
tance also results in a wider response frequency band. Both small stop 
gap and magnet distance will harden the cantilever beam, thereby 

enhancing the nonlinear stiffness of the system. 

5.3. Experimental verification of power response 

The numerical findings presented in Section 4 unveiled the influence 
of the magnet distance and the stopper position on the power response of 
the IMTPEH. Specifically, as the magnet distance and the stop gap 
decrease, the power response exhibits wider a frequency bandwidth. In 
this section, we aim to validate the numerical results through frequency 
sweep experiments, using the parameters listed in Table 1. Two resistors 
were connected to two piezoelectric patches on the beams through 
wires, and the voltage across the resistors were measured through an 
oscilloscope simultaneously. The resistance of 103 Ω, 103.3 Ω, 103.6 Ω, 
103.8 Ω, 103.9 Ω, 104.0 Ω, 104.3 Ω, 104.6 Ω, 104.8 Ω, 104.9 Ω, 105.0 Ω, 106.0 

Ω and 107.0 Ω was selected. The power generated by the piezoelectric 
unit in the resistance were calculated using Eq. (21). The frequency 
range of the sweep excitation is 0 Hz - 22.0 Hz, and the excitation ac
celeration is 0.6 g. 

Fig. 12 illustrates the power and voltage responses of α-IMTPEH 
under the above external resistance and excitation frequency ranging 
from 4.0 Hz to 22.0 Hz with a constant acceleration of 0.6 g. In Fig. 12 
(a), the maximum AP of Beam A is 3.6 mW with a resonant frequency of 
8.3 Hz and a matching resistance of 103.8 Ω. The maximum DP is 0.025 
mW, achieved at 16.1 Hz and a matching resistance of 103.6 Ω. As 
observed in Fig. 12(b), the maximum AP is 240.4 mW occurring at the 
frequency of 15.1 Hz and a matching resistance of 103.8 Ω. These find
ings align with the AP in the numerical results in Fig. 5(b). Compared to 
the conventional linear PEH in Fig. 5, the output power of Beam B in 
α-IMTPEH has been significantly improved, and the response frequency 
band (power greater than 17.8 mW corresponding to the maximum 
power of the linear PEH) is 13.3 Hz - 15.7 Hz with a response power 
range of 103.0 - 104.3 Ω. This method expands the response frequency 
bandwidth and matching impedance range compared to traditional 
piezoelectric cantilever beams. 

Fig. 12(c) shows that the maximum AV produced by Beam A is 22.5 V 
at 8.3 Hz when shunted to the resistance of 107.0 Ω. The maximum DV is 
14.9 V, produced at 15.1 Hz. Similarly, Fig. 12(d) demonstrates that the 
maximum AV of Beam B is 48.7 V at 15.1 Hz, and the maximum DV is 
22.0 V at 8.7 Hz. The experimentally observed terminal voltage trends 
match the theoretical predictions in Fig. 5(c) and (d). However, the 

Fig. 11. Comparison of the experimental and simulation results of the voltage responses generated by the four IMTPEHs under frequency sweep excitation ranging 
from 4.0 Hz to 22.0 Hz and the acceleration of 0.6 g. The voltage responses of Beam A and Beam B in (a) α-IMTPEH, (b) β-IMTPEH, (c) γ-IMTPEH, (d) δ-IMTPEH. The 
red line represents the experimental results, while the blue line represents the numerical results. 
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experimental voltage values are slightly lower than the theoretical 
predictions. The piezoelectric patch was bonded to the cantilever beam 
using glue in the experiment, which introduced a certain buffering effect 
for the piezoelectric patch and reduced the actual electromechanical 
coupling coefficient of the system. 

Fig. 13 presents the power responses of β-IMTPEH, γ-IMTPEH and 
δ-IMTPEH. Fig. 13(a.1) shows that the maximum AP of β-IMTPEH is 1.1 
mW at 103.0 Ω and 5.3 Hz, while the maximum DP is 0.8 mW at 103.0 Ω 
and 15.5 Hz. Similar to the numerical power responses in Fig. 6(a), the 
experimental results also exhibit the AP/DP. Fig. 13(a.2) shows that the 
power response of Beam B spans from 7.7 Hz to 15.3 Hz, with the 
resistance ranging from 103.0 Ω to 104.8 Ω and a peak of 20.1 mW at 15.3 
Hz and 103.0 Ω. When compared with the numerical results in Fig. 6(b), 

the peak amplitude in the experimental results decreases, but the fre
quency bandwidth widens. Compared to α-IMTPEH, the response fre
quency and matching impedance range of β-IMTPEH are wider, but the 
power response peak is lower. The stop block restricts the deformation 
of the cantilever beams, thereby reducing the output amplitude of the 
piezoelectric unit. However, the collision causes the frequency band
width to widen, thereby expanding the impedance matching range and 
response frequency. 

In particular, Beam A in γ-IMTPEH attains its pinnacle of the AP at 
4.0 mW, 6.3 Hz and 103.6 Ω. Contrarily, its zenith of the DP manifes
tation peaks at 7.8 mW, 14.6 Hz and 103.6 Ω, as evidenced in Fig. 13 
(b.1), which spans the frequency spectrum from 11.1 Hz to 14.9 Hz and a 
parallel range of the resistance between 103.0 Ω and 104.3 Ω. 

Fig. 12. Experimental results of the power-frequency-resistance responses of (a) Beam A, (b) Beam B, and the voltage-frequency-resistance responses of (c) Beam A, 
(d) Beam B in α-IMTPEH under frequency sweep excitation ranging from 4.0 Hz to 22.0 Hz and the acceleration of 0.6 g. The corresponding external resistance 
values, in ascending order, are 103 Ω, 103.3 Ω, 103.6 Ω, 103.8 Ω, 103.9 Ω, 104.0 Ω, 104.3 Ω, 104.6 Ω, 104.8 Ω, 104.9 Ω, 105.0 Ω, 106.0 Ω and 107.0 Ω. The yellow pentagram 
represents the local/global maximum response power in Fig. 12(a) and (b) and local/global maximum response voltage in Fig. 12(c) and (d). 

Fig. 13. Experimental results of the power-frequency-resistance responses of (a) β-IMTPEH, (b) γ-IMTPEH, (c) δ-IMTPEH under frequency sweep excitation ranging 
from 4.0 Hz to 22.0 Hz and the acceleration of 0.6 g. The corresponding external resistance values, in ascending order, are 103 Ω, 103.3 Ω, 103.6 Ω, 103.8 Ω, 103.9 Ω, 
104.0 Ω, 104.3 Ω, 104.6 Ω, 104.8 Ω, 104.9 Ω, 105.0 Ω, 106.0 Ω and 107.0 Ω. The yellow pentagram represents the local/global maximum response power. 
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Analogously, the apogee of Beam B in the AP materializes at 308.7 mW, 
synchronized with the frequency of 14.1 Hz and 103.6 Ω within the 
frequency range of 11.3 Hz to 14.3 Hz, coupled with the resistance span 
of 103.0 Ω to 105.0 Ω, as depicted in Fig. 13(b.2). Comparing γ-IMTPEH 
and α-IMTPEH, the closer magnetic distance result in a higher potential 
energy of the cantilever beam, leading to higher collision frequencies. 
Similar to α-IMTPEH, the cantilever beam in γ-IMTPEH has a wider vi
bration space than β-IMTPEH, allowing the piezoelectric patches to 
deform more fully, resulting in a higher power output from the piezo
electric patch. 

In Fig. 13(c.1), the AP peak of Beam A in δ-IMTPEH is 4.2 mW, 
occurring at 4.6 Hz and 103.6 Ω. And the DP peak is 12.2 mW, observed 
at 17.1 Hz and 103.6 Ω. The DP falls within the power response region 
from 10.1 Hz to 17.2 Hz, and the resistance spans from 103.0 Ω to 105.0 

Ω. Moving on to Fig. 13(c.2), the AP peak is 15.5 mW, appearing at 15.1 
Hz and 103.0 Ω. This power peak is produced within the frequency range 
of 10.1 Hz - 17.9 Hz and the resistance range of 103.0 Ω to 105.0 Ω. 
Compared to the first three cases, δ-IMTPEH has the widest response 
frequency band and impedance range. The narrow stop space prevents 
the beams in δ-IMTPEH from moving to the static equilibrium position, 
therefore the cantilever beams are always at a higher potential energy, 
resulting in wideband high-frequency collisions on high-energy orbits. 
Although the compact space limits the peak output of the system, it 
expands the adaptability range of the system. The power of Beam B is 
higher than that of Beam A, which is due to a higher collision frequency 
of Beam B shown in Fig. 9, resulting in lower internal resistance of the 
patches. 

Comparing the four configurations, as the structure becomes more 
compact, the output power of the system decreases, but the response 
frequency band and matching impedance range broaden. Compared to 
the conventional PEH, the IMTPEH has higher output power, wider 
response frequency band and matching impedance range, and can better 
adapt to different excitation frequencies and installation spaces in 
practical application scenarios. 

Through a comprehensive comparison of experimental and numeri
cal results, the voltage and power responses in the experimental data are 
generally consistent with the numerical predictions regarding the pri
mary response characteristics. Some differences between the two results 
are caused by many practical factors, such as manufacturing error 
induced non-ideal distances between magnets and stoppers. Despite 
these imperfections in the experimental prototype, the main response 
characteristics are well-reflected in both the experimental and numeri
cal results. Despite the errors, the electromechanical model developed in 
this study provides a solid foundation for conducting structure design 
and investigating the performance of the energy harvester for real-world 
applications. 

6. Conclusions 

In this paper, an IMTPEH has been proposed to enhance the output 
performance of PEHs in a compact space. In the IMTPEH, two cantilever 
beams were coupled by leveraging magnetic interaction to achieve a 
wide response frequency bandwidth, and stoppers were introduced to 
limit the motion amplitude of the beams and provide collisions between 
magnets and stoppers, which significantly increased the response fre
quency of the cantilever beams. 

The electromechanical governing equations was established based 
on the Hamilton’s principle and the Galerkin method. The first third 

order modes of the cantilever beams were applied for numerical calcu
lation. Based on these equations, numerical results of the static potential 
energy and open circuit voltage of the system were obtained. Both 
reducing the magnet distance and increasing the stiffness ratio of the 
two cantilever beams can increase the total potential energy and the 
frequency bandwidth of the voltage response, which also can be ach
ieved by increasing the external acceleration and decreasing the stop 
gap. The power and voltage responses varying with the excitation fre
quency and external resistance of four types of IMTPEHs with different 
magnet distances and stop gaps have been studied based on numerical 
results. Compared to Beam B, Beam A is more likely to exhibit two stages 
of power and voltage responses, with AP/DP and AV/DV being more 
pronounced, while Beam B has higher power and voltage peaks. 
Compared to traditional cantilever beams, both beams in the four con
figurations exhibit a wider response frequency bandwidth, matching 
impedance range, and higher response power, e.g. the power peaks of 
Beam B in γ-IMTPEH is 117.9 mW, which is 6.5 times that of the con
ventional Beam B. 

The results of the frequency fixed and sweep experiments generally 
agree with the simulation results in voltage and power. In the experi
ment, the collisions between magnets and stoppers caused the piezo
electric patches to generate high frequency voltage responses of 500.0 
Hz - 1000.0 Hz, which significantly reduced their internal resistance and 
thus increased the power. Comparing the power outputs of the four 
structures, the maximum power output is 308.7 mW from Beam B in 
γ-IMTPEH at 14.1 Hz and 103.6 Ω, while the widest response frequency 
bandwidth and impedance matching range are 10.1 Hz - 17.9 Hz and 
103.0 Ω - 105.0 Ω from Beam B in δ-IMTPEH. The IMTPEH improves the 
potential for PEHs in practical applications, especially in compact 
spaces. 
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Appendix A 

Due to the geometric and material change of the piezoelectric beam, the shape function ϕ(x) is divided into two components as follows: 

ϕij1(x) = Cij1cosβij1x + Cij2coshβij1x + Cij3sinβij1x + Cij4sinhβij1x, (A1) 
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ϕij2(x) = Dij1cosβij2x + Dij2coshβij2x + Dij3sinβij2x + Dij4sinhβij2x, (A2)  

where Cijk, Dijk, βij1 and βij2 are unknown constants to be determined, and k = 1, 2, 3, 4. 
The boundary and compatibility conditions of the modal shape functions ϕijn(x) are given as follows: 

ϕij1(0) = 0,ϕ′
ij1(0) = 0 at x = 0, (A3)  

ϕij1(LPi) = ϕij2(LPi), ϕ′
1(LP) = ϕ′

2(LP)

ECiICiϕ″
ij1(LPi) = EBiIBiϕ″

ij2(LPi), EPiIPiϕij1
″′(LPi) = EBiIBiϕij2

″′(LPi)at x = LPi, (A4)  

EBiIBiϕi2
″(LPi + LBi) =

(
IBi + mMid2

Mi

)
ω2

ijϕi2
′(LPi + LBi) + mMidiω2

ijϕi2(LPi + LBi)

EBiIBiϕi2
″′(LPi + LBi) = − mMidMiω2

ijϕi2(LPi + LBi) − mMiω2
ijϕ

′
i2(LPi + LBi)

⎫
⎬

⎭
at x = LPi + LBi, (A5)  

where di ¼ ai þ bi is the is the distance from the fixed point on the cantilever beam to the front face of the ith magnet, ωij is the natural 
frequency of the jth mode of the ith beam, ω2

ij = β4
ij2

EBiIBi
MtL4

Bi
. Substitute Eq. (A1) and (A2) into Eqs. (A3)–(A5) to obtain the characteristic 

equation, and calculate the first three natural frequencies (shown in Table A1) corresponding to the first three zeros. Based on this 
characteristic equation, solve for the coefficients Cijk, Dijk, βij1, and βij2. Finally, Ci1k is solved through normalization conditions.  

Table A1 
The natural frequencies of the first three orders of Beam A and Beam B.   

ωi1(rad/s) ωi2(rad/s) ωi3(rad/s) 

Beam A 68.61 504.69 2716.22 
Beam B 99.77 733.58 3499.28  

The equivalent mass, equivalent damping, equivalent stiffness, electromechanical coupling coefficient, bending section coefficient, first moment of 
piezoelectric layer cross-section, and excitation coefficient are expressed as follows: 

Meij = ρPiAPi

∫ LPi

0
ϕ2

ij1(x)dx + ρBiABi

∫ LBi

LPi

ϕ2
ij2(x)dx

+mMiϕ2
ij2(LBi ) + 2mMi b

2
i ϕ2

ij2(LBi ) +
[
IMi + mMi b

2
i

]
ϕ′2

2i(LBi ),

(A6)  

Ceij = ciIPi

∫ LPi

0
ϕ″2

ij (x)dx+ ciIBi

∫ LBi

LPi

ϕ″2
ij (x)dx, (A7)  

Keij = ECiICi

∫ LPi

0
ϕ″2

ij1(x)dx + EBiIBi

∫ LBi

LPi

ϕ″2
ij2(x)dx, (A8)  

θPij =
eiHPi GPij

hPi

, (A9)  

GPij =

∫ LPi

0
ϕ″

i1(x)dx, (A10)  

HPi =

∫ ∫

SPi

zidSPi, (A11)  

Γij = ρiAi2

∫ LPi

0
ϕij1(x)dx + ρiAi2

∫ LBi

LPi

ϕij2(x)dx + Mi
[
ϕ2i(LBi ) + (d1i + d2i)ϕ′

ij2(LBi)
]
. (A12) 

The magnetic potential energy is expressed as follows: 

UM(t) = −
μ0MM1VM1MM2VM2

4π
−
[
w1|x=LB

(t) − w2|x=LB
(t)

]2
+ 2(s + a1 + a2)

2

[
(s + a1 + a2)

2
+
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]2]5
2
. (A13) 

The magnetic force between Magnet A and Magnet B is expressed as follows: 

FM1(t) =
3μ0MM1VM1MM2VM2

4π
− 4(s + a1 + a2)

2
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]
+
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]3

[
(s + a1 + a2)

2
+
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]2]7
2

, (A14)  
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FM2(t) = −
3μ0MM1VM1MM2VM2

4π
− 4(s + a1 + a2)

2
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]
+
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]3

[
(s + a1 + a2)

2
+
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]2]7
2

. (A15) 

The bending stiffness of the base beam and the composite beam are: 

EBiIBi = EBi
bBih3

Bi

12
, (A16)  

ECiICi = EBiIBi + EPiIPi = bBi

⎡

⎢
⎢
⎢
⎣

EBi
h3

Bi

12
+EPi

(
hBi
2 + hPi

)3

3
−

h3
Bi

24

⎤

⎥
⎥
⎥
⎦
. (A17) 

The following transformations are defined: [x1(t), x2(t), x3(t)] = [η11(t), η12(t), η13(t)] representing Beam A, [x4(t),x5(t),x6(t)] = [η21(t), η22(t),η23(t)] 
representing Beam B, and [x13(t), x14(t)] = [VP1(t), VP2(t)] representing the voltage output. 

The electromechanical equations of the IMTPEH can be organized into the form of vector as follows: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = x2(t)

ẋ2(t) =
[

FM1(t) − ϕ112(LB1 )FS1 (LB1 , t) − Γ11ẅb(t) + θP11x13(t) − Ke11x1(t) − Ce11x2(t)
]/

Me11

ẋ3(t) = x4(t)

ẋ4(t) =
[

FM1(t) − ϕ122(LB1 )FS1 (LB1 , t) − Γ12ẅb(t) + θP12x13(t) − Ke12x3(t) − Ce12x4(t)
]/

Me12

ẋ5(t) = x6(t)

ẋ6(t) =
[

FM1(t) − ϕ132(LB1 )FS1 (LB1 , t) − Γ13ẅb(t) + θP13x13(t) − Ke13x5(t) − Ce13x6(t)
]/

Me13

ẋ7(t) = x8(t)

ẋ8(t) =
[

FM2(t) − ϕ212(LB2 )FS2 (LB2 , t) − Γ21ẅb(t) + θP21x14(t) − Ke21x7(t) − Ce21x8(t)
]/

Me21

ẋ9(t) = x10(t)

ẋ10(t) =
[

FM2(t) − ϕ222(LB2 )FS2 (LB2 , t) − Γ22ẅb(t) + θP22x14(t) − Ke22x9(t) − Ce22x10(t)
]/

Me22

ẋ11(t) = x12(t)

ẋ12(t) =
[

FM2(t) − ϕ232(LB2 )FS2 (LB2 , t) − Γ23ẅb(t) + θP23x14(t) − Ke23x11(t) − Ce23x12(t)
]/

Me23

ẋ13(t) =
[
− x13(t)

/
Rp − [θP11, θP12, θP13][x2(t), x4(t), x6(t)]T

]/
Cp

ẋ14(t) =
[
− x14(t)

/
Rp − [θP21, θP22, θP23][x8(t), x10(t), x12(t)]T

]/
Cp

. (A18)  

Appendix B 

The variation of equilibrium position of the magnets with the increase of the magnet distance is calculated by solving the static homogenous 
equations as follows: 

FM1 + K11w1|x=LB1
= 0, (A19)  

FM2 + K21w2|x=LB2
= 0, (A20)  

where K11 and K21 are the equivalent stiffness of the first mode of Beam A and Beam B, respectively. 
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Fig. A1. Bifurcation diagram of the static equilibrium state of two beams with respect to the magnet distance. The solid red and purple lines represent the calculated 
values of Magnet A and Magnet B, respectively, and the red and purple dots represent the measured values of Magnet A and Magnet B. The threshold value of between 
the monostable and bistable is 32 mm. 

The measurement method for the deviation of two magnets is referred to the paper [38]. Fig. A1 shows the bifurcation diagram of the static 
equilibrium state of magnets with respect to the magnet distance by solving (A16) and (A17) simultaneously. When the distance between the magnets 
decreases to a critical value, the two beams transition from a monostable state to a bistable state. And as the distance between the magnets decreases, 
the offset of the magnets increases. The offset of Magnet A is greater than that of Magnet B, because the stiffness of Beam A is smaller than that of Beam 
B. Under the same repulsive force, the deformation of Beam A is greater than that of Beam B. The measured values and calculated values can match 
well, which confirms the feasibility of the magnetic force calculation formula. The yellow dots in Fig. A1 represent the positions of the four con
figurations in the bifurcation diagram. For α-IMTPEH, the stop block does not change the static position of the two beams, while for δ-IMTPEH, the 
stop block restricts the two beams from resting in the static equilibrium position. 

Appendix C

Fig. A2. The simulated and experimental results of the natural frequency varying with the magnet distance. Results of (a) Beam A and (b) Beam B. The solid blue line 
represents the simulated value, and the red dots represent the measured value. 

The magnetic force of the interaction between magnets can be regarded as a magnetic spring applied to a cantilever beam, therefore, the magnetic 
force can be rewritten as: 

FM1(t) = κ1(t)w1|x=LB1
(t), (A21)  

FM2(t) = κ2(t)w2|x=LB2
(t), (A22)  

where κ1 and κ2 are the magnetic spring coefficients as follows: 

κ1(t) =
3μ0MM1VM1MM2VM2

4π
− 4(s + a1 + a2)

2
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]
+
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]3

[
(s + a1 + a2)

2
+
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]2]7
2

/

w1|x=LB1
(t), (A23)  

κ2(t) =
3μ0MM1VM1MM2VM2

4π
− 4(s + a1 + a2)

2
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]
+
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]3

[
(s + a1 + a2)

2
+
[
w1|x=LB1

(t) − w2|x=LB2
(t)

]2]7
2

/

w2|x=LB2
(t). (A24) 

The nonlinear natural frequenciesfn1, fn2 of two beams under the effect of the magnet field can be calculated [38]: 
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fn1(t) =
1

2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

K11 + κ1(t)
Me1

√

, (A25)  

fn2 =
1

2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

K21 + κ2(t)
Me2

√

. (A26) 

By calculating Eqs. (A21) and (A22), the natural frequencies of two beams are obtained as shown in Fig. A2. Two beams were given an initial 
deformation to generate free motion, and the vibration frequency of the cantilever beam were obtained by measuring the voltage generated by the 
piezoelectric patches attached to the surface of the cantilever beams. When the magnet distance is far enough, such as in the simulation results, greater 
than 32 mm, the natural frequencies of the two beams are linear natural frequencies. When the distance between the magnets is less than the critical 
value, which is 32 mm, the natural frequencies of the two beams are significantly increased due to the effect of the magnets. A similar trend can be 
observed from the experimental results. However, in the experimental results, as the distance between the magnets decreases, the natural frequency of 
Beam A first decreases and then increases, with a minimum frequency around 31 mm. This characteristic conforms to the pattern in the paper [38]. 
Although there is a certain deviation between the theoretical and experimental results, the theoretical results can still reflect the main characteristics 
of the natural frequency changes of the system under the action of magnets. 

Appendix D 

To demonstrate that taking the first three modes of simulation is better than taking the first two modes in this problem, the first mode, second 
mode, third mode, and experimental results are compared in Fig. A3. The experimental results selected are the results in Fig. 10(d). From Fig. A3 
shows that taking the third-order mode is more specific in reflecting the waveform details of the high-frequency response generated by collisions, 
while only taking the first two modes results in a lot of information loss on the collision waveform. The fourth order mode and modes above tend to 
take the waveform response of the third order mode, but it greatly increases the computational complexity. Therefore, we selected the first three 
modes of the cantilever beam for system simulation while considering reflecting the collision waveform and computational complexity as much as 
possible.

Fig. A3. Comparison of simulation and experimental results. Green, red, and blue solid lines represent the calculated voltage responses of cantilever beams with first- 
order, second-order, and third-order modes, respectively; the purple dashed line represents the experimental value. 
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